&''GRIA'') are described in Glatzmaier &Roberts ( $1995\mathrm{a},$ $1995\mathrm{b}$ for simulation $\mathrm{G}\mathrm{R}1;1996\mathrm{a}$ for simulation GRIA) . Figure 1 shows a rough sketch of Earth's interior, the system considered in this paper. in Earth's core due to the compression by the overlying material; simulation GR2 is an 970 1996 92-104 anelastic model which includes that variation, the assumed structure of Earth's interior being guided by the PREM model of Dziewonski&Anderson (1981) . The variation of core structure with depth is described by a parameter $\epsilon_{a}$ , which is essentially the difference in $\rho$ at the inner core boundary $(" \mathrm{I}\mathrm{C}\mathrm{B}")$ and the core-mantle boundary $(" \mathrm{C}\mathrm{M}\mathrm{B}")$ divided by the mean density, and is of order 0.1. It is the smallness of this parameter that makes it reasonable to represent the core by a Boussinesq model, though doubtless the anelastic model is more satisfactory.
Convection in the core is so vigorous that all extensive quantities, such as the specific entropy, $S$ , are very well mixed. To measure this effect, we may introduce a dimensionless parameter, $\epsilon_{c}=S_{c}/S_{a}$ , where $S_{\mathrm{c}}=S-S_{a}$ is the departure of $S$ from its value, $S_{a}$ , in the well-mixed state; it is found that $\epsilon_{\mathrm{c}}\sim 10^{-8}$ . As is usual in convection theory, we describe convection in two steps: first we select a convenient reference state, and second we study departures from that reference state associated with convection. It is clear that a convenient reference state is the well-mixed state, that has uniform entropy for anelastic models and uniform temperature for Boussinesq models. GRI&GRIA are driven steadily by a specified heat flux at the ICB; GR2 is driven by heat conducted out of the core into the mantle across the CMB. The reference state of GR2 therefore changes secularly on a geological timescale, $t_{a}$ , as the Earth cools, whereas the reference states of GRI&GRIA are steady.
A further complication, in the case of the Earth, is that bouyancy is provided not only thermally but also chemically, by differences in composition. Though the core is "an uncertain mixture of all the elements", there seems to be little doubt that it is abundent in iron. There is general agreement that the fluid outer core $(" \mathrm{F}\mathrm{O}\mathrm{C}")$ is significantly less dense than iron would be at core pressures, and that alloying elements must be present.
There is no consensus on what the alloying elements are, or even what the predominant light constituent is. From a theoretical point of view, the basic physics is satisfied by assuming the simplest possible case, in which there is only one alloying element its mass fraction being $\xi$ . This too is well mixed by the convection, so that $\xi_{a}$ is almost uniform in space, though dependent on $t_{a}$ . Seismological models of the Earth's interior show that the density of the solid inner core $(" \mathrm{S}\mathrm{I}\mathrm{C}")$ is closer to that of pure iron than is that of the FOC. There is a density jump across the ICB of about 0. $55\mathrm{g}\mathrm{m}/\mathrm{c}\mathrm{c}$ , presumably because the value $\xi_{N}$ of $\xi$ at the top of the SIC is less than $\xi_{a}$ . This is naturally the case if, as is now believed, the ICB is a freezing interface. A simple phase diagram which would lead to such a conclusion is shown in the upper part of Figure 2 . A phase diagram usually shows the solidus and liquidus of a material as curves in $\xi T$ -space. This is because they are generally discussed in contexts where variations in pressure, $p$ , are unimportant. In reality the liquidus and solidus depend on the thermodynamic state of the material. They should therefore appear as surfaces in three-dimensions. The traditional diagrams showing them as curves are merely intersections of these surfaces with the appropriate $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}-p$ plane. In the context of the core it is appropriate to plot the solidus and liquidus in $\xi pS$ -space and to project them onto the plane $S=S_{a}$ . This is the way they are shown in Figure 2 , where we focus attention on the left-hand solidus and liquidus only. On descending through the FOC from the CMB, we eventually encounter the ICB, where the pressure is such that mixed phases can $\mathrm{c}\mathrm{o}$ -exist. The fluid alloy freezes onto the SIC, releasing latent heat and its relationship to the core itself (bottom).
and light constituent as it does so. These sources of buoyancy establish core convection that stirs the fluid, making $S_{a}$ and $\xi_{a}$ almost uniform, and generating the Earth's magnetic field by dynamo action. GR2 includes both these sources; GRI&IA recognizes thermal buoyancy alone. It should perhaps be emphasized that, although it is necessary in GR2 to include both sources of buoyancy and to allow the reference state to evolve in time, these complications are not essential in other applications (and . This shows that molecular transport of heat and composition is almost totally ineffective on the microscale. It is also true of the momentum transport as measured by the kinetic Reynolds number, $\overline{R}=\overline{VL}/\nu^{m}\sim 10^{5}$ , where $\nu^{m}$ is the molecular kinematic viscosity. It is clear that, to transport heat, composition and momentum on the macroscale, the core has to develop small scale motions (turbulence) .
The incorporation of turbulence into the theory is an unavoidable complication that has to be overcome in a physically consistent way. We adopt the simplest possible model: a local turbulence theory in which a field such as $S_{\mathrm{c}}$ is divided into a macroscale part, $\overline{S}$ , and a microscale part, $S',$ $\mathrm{e}.\mathrm{g}^{1}.$ , We then develop expressions for the macroscale fluxes of entropy, composition and momentum at position $\mathrm{x}$ and time $t$ created by the turbulence. In a local theory, these depend on the macroscale properties of the system, but only at the same $\mathrm{x}$ and $t$ . The evaluation of these fluxes requires separate and detailed study; see Appendix $\mathrm{C}$ of $\mathrm{B}\mathrm{R}$ , the paper of Braginsky&Meytlis (1990) , and the discussion below.
The steps required to develop a workable theory of core convection and the geodynamo are now apparent; they are summarized in Table   $0$ and by the following supplementary remarks. Concerning step 2 of the table, the rearrangement of mass inherent in a cooling Earth can only be brought about by motions of order $V_{a}\sim 10^{-12}\mathrm{m}/\mathrm{s}\sim\epsilon_{c}V_{c}$ , which is so small that the momentum equation reduces to an expression of hydrostatic balance. Concerning step 3, $\epsilon_{c}$ is so small that it is possible to linearize the thermodynamics about the well mixed state of uniform entropy and composition, though all other nonlinearities must be retained. We should also point out that seismic waves cross Earth's core in about 10 minutes. Not only is such a small time scale irrelevant to the phenomenon under study, but also to include it would require such short time steps in a numerical simulation that . This notation is often used in mean field electrodynamics; see for example Krause&R\"adler (1980) . It is different from that of BR who wrote $S_{c}=\langle S_{c}\rangle^{t\mathrm{t}}+^{s}$ . They did this to avoid a possible ambiguity: an overbar is often used in geomagnetic theory to signify the axisymmetric part of a field, i.e., an average over longitude; a prime then signifies the asymmetric part of the field. ). These are discussed in \S 7 of $\mathrm{B}\mathrm{R}$ , but will not be described here. One further point should be mentioned. The gravity defining the reference state is the effective gravity, $\mathrm{g}_{\mathrm{e}}$ , which differs from Newtonian gravity, $\mathrm{g}$ , by the centrifugal acceleration due to Earth's rotation. The whole Earth (including the ICB and CMB) is therefore slightly flattened. The significance of this effect is measured by a further dimensionless parameter, $\epsilon_{\Omega}=\Omega^{2}\overline{L}/\overline{g}\sim 10^{-3}$ , where $\Omega$ is the angular velocity of Earth and $\overline{g}$ is a characteristic gravitational acceleration. It is clear that the effect is not large, but to include it would add severe complications to the theory without any compensating enlightenment. We shall therefore later set $\epsilon_{\Omega}\equiv 0$ , though we shall retain the Coriolis force. The steps leading from $6\mathrm{A}$ to $6\mathrm{B}$ may be found in BR and are not repeated in the present paper.
The Strategy in Greater Detail
The arguments that BR employed to complete the strategy set out in Table   $ 0$ are fully set out in BR and will therefore be described only briefly here. The basic equations (step 1 in Table   $0$ ) are summarized in Table 1 , which also contains a short table of notation. The basic anelastic equations (step 3) are set out in Table 3 , and a remarkable simplification discovered by BR is briefly set out. This consists of a new way of writing the anelastic momentum equation that has two great advantages over the primative form of that equation. First, it obviates the need to calculate the perturbation, $\mathrm{g}_{c}$ , in $\mathrm{g}$ created by the perturbation, $\rho_{c}$ , in density. If $\mathrm{g}_{c}$ is deemed to be interesting, it can be evaluated after the main part of the calculation has been completed. Second, it is clear on physical grounds that density variations produced by pressure variations, $p_{c}$ , will not drive convection. The simplification allows that part of $\rho_{c}$ to be split off from $\rho_{c}$ and absorbed into the gradient term, so leaving the remaining variations in $\rho_{c}$ due to changes in entropy and composition to be included in the " $\mathrm{c}\mathrm{o}$ -density", $C$ , which provides the buoyancy force. Table 4 that the transport of heat "down the adiabat" of the reference state and the associated entropy production $\sigma^{T}$ are both included. These are not negligible in the Earth's core.
In preparation for step 5, the discussion of aspects of local turbulence theory (Table   $5\mathrm{c} )$ , Table   $ 5\mathrm{a}$ provides a reminder of the basic theory underlying the general expressions for entropy flux and compositional flux. This leads to a form for the associated entropy production, $\sigma^{m}$ , and this has to be non-negative by the second law of thermodynamics. , and the neglect of the latter then results in only a very minor error. Landau&Lifschitz, 1987) Use $p,$ $T$ and $\mu$ as independent variables and suppose that Table   $ Table 6 . Solutions are required to satisfy a number of boundary conditions, the most awkward of which arise at the ICB. They require knowledge of the properties of the liquidus sketched in Figure 2 , and govern the release of latent heat and light constituent; they therefore determine the fluxes $\mathrm{I}^{S'}$ and $\mathrm{I}^{\xi'}$ at the ICB. They raise complicated issues, and the numerical values of the pertinent coefficients are very uncertain. The topic is discussed both in Appendix $\mathrm{E}$ of BR and in the formulation of GR2 but not here. Among the other boundary conditions that must be satisfied are the no-slip conditions at the CMB and ICB. The SIC is allowed to turn about the geographical axis, which is parallel to $\Omega$ , in response to the viscous and electromagnetic torques to which the FOC subjects it. It is assumed to be electrically conducting, its magnetic diffusivity being the same as that of the FOC. The magnetic field is required to be continuous across the ICB and the FOC. The mantle is assumed to be conducting in a thin layer at its base. The flux of mass into the CMB is supposed to be zero, so that $\mathrm{I}^{\xi'}=0$ there. The flux $T_{a}\mathrm{I}^{S'}$ is the flux of heat from core to mantle, and must be specified. the local rate of freezing and therefore to one another. Thus the $S$ and $\xi$ they produce are also proportional. This adds support to previous investigations that assumed that compositional buoyancy could be incorporated into thermal buoyancy in core modeling.
As for the earlier models GRI&GR2, the inner core rotates predominantly eastward at between $1^{\mathrm{o}}/\mathrm{y}\mathrm{r}$ and $2^{\mathrm{o}}/\mathrm{y}\mathrm{r}$ . This prediction, made by Glatzmaier &Roberts (1995a), was taken seriously by two groups of seismologists, Song&Richards (1996) and Su et al. (1996) , who by analysis of past seismic records claim to detect a rotation of Earth's inner core in the eastward direction and of approximately the magnitude we suggested.
The most exciting aspect of model GR1 was that, during the period between $36,0\mathrm{o}\mathrm{o}_{\mathrm{y}}\mathrm{r}$ and 40,000 yrs after its initiation, the field reversed its polarity spontaneously, in much the same way as the observed geomagnetic field has done many times in its history (Glatzmaier &Roberts, $1995\mathrm{b}$ ).
After numerous reversals, the future of geodynamo theory seems bright!
